We show that for topological groups and loop contractible coefficients the cohomology groups of continuous group cochains and of group cochains that are continuous on some identity neighbourhood are isomorphic. Moreover, we show a similar statement for compactly generated groups and Lie groups holds and apply our results to different concepts of group cohomology for finite-dimensional Lie groups.
Introduction
For a topological group G and a continuous G-module A exist various concepts of "topological group cohomology", i.e., cohomology groups taking the topological properties of G appropriately into account [Seg70, Del74, Moo76] . When approaching from concrete cocycle models, there exist the naive notion of the cohomology H ls (K, Z) arises naturally in the integration problem of central and abelian extensions of Lie algebras [Nee02, Nee04] . If G is connected, then the continuous group cohomology H 2 c (G, A) describes abelian Lie group extensions which admit continuous global sections, i.e. they are trivial principal A-bundles. The "locally continuous" group cohomology H 2 lc (G, A) describes abelian Lie group extensions which only admit local continuous sections, i.e. they are locally trivial principal A-bundles. For paracompact G and (loop) contractible 1 A the Lie group extensions described by H 2 ls (G, A) also admit a continuous global section, hence the morphism i 2 : H 2 c (G, A) → H 2 lc (G, A) is an isomorphism in this case. We show that this is true in every degree and that the same also holds for a Lie group G, a smooth G-module A and the inclusion C * s (G, A) ֒→ C * ls (G, A) of smooth into "locally smooth" cochains:
Theorem. If G is a topological group and A a continuous G-module, then the natural inclusion C * c (G, A) ֒→ C * lc (G, A)
induces an isomorphism in cohomology provided A is loop contractible (e.g. a topological vector space). If G is a Lie group whose finite products are smoothly paracompact and A is a smooth G-module, then
induces an isomorphism in cohomology if A is smoothly loop contractible.
We also show that similar result also holds for compactly generated topological groups and modules. This has as an important consequence that the "locally continuous" cohomology coincides with the other mentioned topological group cohomologies, see [WW11, Theorem IV.5], which then has consequences for the regularity properties of measurable cocycles for general locally compact groups, see the end of Section 3 in [Aus11] .
As an application of our main result we show that it has as a consequence that "locally smooth" and "locally continuous" cohomology for finite-dimensional Lie groups coincide under a mild technical assumption.
I Continuous and "Locally Continuous" Cochains
Let G be a topological group and A be a topological G-module 2 . In this section we introduce the complexes of continuous and "locally continuous" (group) cochains and a double complex that will do the work for us when showing the main theorem. We start with the continuous standard cochain complex A The standard cochain complex is the complex
and is always exact. (It is obtained by applying Map(−, A) to the standard resolution of ZG cf. [Br82, Chapter I.5]). The continuous cochains form a subcomplex C(G * +1 , A), which is also exact and which we denote by A * c (G, A). Somewhere in between there exists a complex of "locally continuous" cochains, which we are going to define now: 
leaving the corresponding sub-complexes invariant. The G-fixed points of this action are the G-equivariant functions, which are also called homogeneous group cochains. The action intertwines the differentials on the complexes. As a consequence the subgroups
These are the complexes of homogeneous group cochains, locally continuous homogeneous group cochains and continuous homogeneous group cochains respectively. We denote the corresponding cohomology groups by H * (G, A), H * lc (G, A) and H * c (G, A). Let U 1 be the neighbourhood filter of the identity in G and consider the abelian groups
The abelian groups A p,q lc (G, A) form a first quadrant double complex with vertical and horizontal differentials given by 
We denote the total complex of this double complex by TotA * , *
The augmentations of the rows induces a morphisms
G of cochain complexes. Likewise, the augmentations of the columns induces a morphism j * 
Note that this contraction does not work in vertical direction since it would violate the continuity assumptions on the elements of A
G .
II Continuous and Locally Continuous Group Cohomology
In the following we will show that for loop contractible coefficients the inclusion of the complex C * c (G, A) of continuous group cochains into the complex
Recall that a topological group A is called loop contractible if it is contractible by a homotopy
. It is the key observation of this article that this requirement on A allows to adapt the procedure from [Fuc11b] to our setting.
The following will rely on the row exactness of the double complexes A * , * c (G, A) 
We assert that the vertical coboundary d v f p,q−1 eq of this equivariant cochain is the equivariant vertical cocycle f p,q eq . Indeed, since the differential d v is equivariant, the vertical coboundary of f p,q−1 eq computes to G is cohomologous to the image j n h i n (f ) of the locally continuous homogeneous group n-cocycle i n (f ) in TotA * , *
Proof
The vertical coboundary of the cochain ψ p,q is given by
The anti-commutativity of the horizontal and the vertical differential ensures that the coboundary of the cochain p+q=n−1 (−1) p ψ p,q in the total complex is the cochain j We now turn to showing that for loop contractible coefficients A the exactness requirement in the above theorem is always satisfied. 
and its cosimplicial sub group A
, A) as well as the cochain complex associated to both. By switching arguments the cochain group A p,q (G, U U ; A) can be identified with the group f : and
The arguments leading to [Fuc11a, Corollary 5.20 ] carry over to show that for each fixed p the inclusion A p, * c (G, U; A) ֒→ A p, * (G, U; A) induces an isomorphism in cohomology. We thus obtain the desired isomorphism
Remark II.7. In the case that G is locally compact, we can obtain the isomorphism (2) directly from [Fuc11a, Corollary 2.14], since then A A) ) and thus the inclusion
induces an isomorphism in cohomology.
Corollary II.8. If G is a topological group and A is a loop contractible topological G-module, then the inclusion C * c (G, A) ֒→ C * lc (G, A) induces an isomorphism in cohomology.
III The compactly generated case
There exists another version of locally continuous cochains if one works solely in the category kTop of k-spaces [tD08, §7.9], [Hov99, §2.4]. First of all this leads to a different notion of topological group, where one requires the group multiplication G×G → G to be continuous in the k-topology, which is in general finer than the product topology. Moreover, this also affects the notion of Gmodule, where one also requires the action map G × A → A to be continuous with respect to the k-topology. We then call G a k-group and A a k-module for G.
The 'k-ification' of topological spaces is a functor k : Top → kTop. Working in kTop one can still define continuous and 'locally continuous' cochains by using products in the category kTop instead of Top (cf. [Fuc11b, Section 4]):
is continuous
These subcomplexes of the standard complex lead to generally different versions of cohomology groups H n c,k (G, A) and H n lc,k (G, A) respectively, and the inclusion 
G is cohomologous to the image j n h,k i n (f ) of the locally continuous homogeneous group n-cocycle i
Corollary III.4. The homomorphism
is induced by the inclusion C Up to here the procedure is exactly the same as in the Section II. However, we have to restrict the setting slightly for the main result of this sections that we now restrict to.
Proposition III.6. If G is a k-group whose finite products are k-spaces for the product topology and A is a loop contractible continuous G-module, then
Proof. By the previous corollary we have to show that the augmented column complexes A In more detail, the cosimplicial group A p, * (G, U; A) has to be replaced with 
IV Smooth and Locally Smooth Group Cohomology
From now on we assume that G and A are Lie groups and that A is a smooth G-module 4 . Replacing the notion of continuity in Section II by smoothness we obtain the complex C * s (G, A) of smooth homogeneous group cochains and the complex C * ls (G, A) of homogeneous group cochains which are smooth only on some identity neighbourhood in G. These augment the columns and rows of the double complex A * , * ls (G, A) G given by the G-invariants of the double complex
We denote the total complex by TotA G is cohomologous to the image j n h i n (f ) of the locally smooth homogeneous group n-cocycle i n (f ) in TotA * , *
Corollary IV.4. The homomorphism H(j Like in the previous section, the procedure was exactly the same as in Section II, but now comes the point where we have to impose an additional condition on G. 
V Application to finite-dimensional Lie groups
In this section we show which impact the results of the previous sections have for finite-dimensional Lie groups. We first recall the following fact from [BW00, Lemma IX. Theorem V.1. If G is finite-dimensional, a is a quasi complete locally convex space 5 and a smooth G-module, then the inclusion C * s (G, a) ֒→ C * c (G, a) induces an isomorphism in cohomology.
Lemma V.2. If Γ is a discrete G-module, then the inclusion C * s (G, Γ) ֒→ C * c (G, Γ) is an isomorphism. In particular, it induces an isomorphism in cohomology.
Proof. If A is discrete, then smooth maps are the same thing as continuous maps.
Corollary V.3. If G is finite-dimensional, a is a quasi complete locally convex space and a smooth G-module and Γ ⊂ a is a discrete submodule, then the inclusion C * ls (G, A) ֒→ C * lc (G, A) induces an isomorphism in cohomology, where A denotes the smooth G-module a/Γ.
